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HARMONIC AND SPECTRAL ANALYSIS OF 
ABSTRACT PARABOLIC OPERATORS IN 
HOMOGENEOUS FUNCTION SPACES 

ANATOLY G. BASKAKOV AND ILYA A. KRISHTAL 


Abstract. We use methods of harmonic analysis and group rep¬ 
resentation theory to study the spectral properties of the abstract 
parabolic operator Jz? = —d/dt+A in homogeneous function spaces. 
We provide sufficient conditions for invertibility of such operators 
in terms of the spectral properties of the operator A and the semi¬ 
group generated by A. We introduce a homogeneous space of func¬ 
tions with absolutely summable spectrum and prove a generaliza¬ 
tion of the Gearhart-Priiss Theorem for such spaces. We use the 
results to prove existence and uniqueness of solutions of a certain 
class of non-linear equations. 


1. Introduction 

In this paper we study the spectral properties of a differential oper¬ 
ator 

(1.1) J§? = -d/dt + A: D(Sf) C X(R,X) ^ X{R,X) 

in homogeneous Banach spaces .F(M, X) of functions with values in 
a complex Banach space X. The operator A : D(A ) C X —> X in 
(1.1) is assumed to be the infinitesimal generator of a Go-semigroup 
T : M + = [0, oo) -A B(X). The homogeneous spaces T = .F(R, X) 
and the operator are identified precisely in Definitions 2.1 and 3.1, 
respectively. 

The properties of the homogeneous spaces T allow us to correctly 
define the Howland semigroup 2? : M + -A B[T) by 

= T(t)x(s — t), s e I, x e X, t e M + . 

In some homogeneous spaces such as Co(M, X) and L P (R,X), see 
Example 2.1 for the definitions, it was proved [4, 5] that the operator 
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Jz? is the infinitesimal generator of the semigroup AT. Moreover, in a 
large class of homogeneous spaces the following result holds. 

Theorem 1.1. The following are equivalent: 

• The operator Jzf is invertible, that is, the equation 

, . dx 

1,2 Tt =Ax + v 

has a unique (mild) solution x G .F(®, X ) for any y G .F(M, X); 

• The semigroup T is hyperbolic, that is, the spectrum a(T) of the 
semigroup T satisfies cr(T( 1)) fl T = 0, T = {A G € : |A| = 1}; 

• The Howland semigroup AT is hyperbolic. 

For T G {Cq,L p }, 1 < p < oo, the above result was proved in 
[30, 31] and [17, Theorem 2.39]. For a larger class of spaces, including 
L°° and C&, the theorem appears in [4, 5, 9]. We remark that in many 
homogeneous spaces the result still holds even though the Howland 
semigroup T is not strongly continuous (see [9]). 

In this paper we prove that one of the implications in the above 
theorem holds for all homogeneous spaces in Definition 2.1: 

Theorem 1.2. IfT is a hyperbolic semigroup, then the operator 2z? is 
invertible. 

If X is a Hilbert space, classical results of L. Gearhart and J. Priiss 
[24, 35, 20, 34] provide another equivalence to the statements in The¬ 
orem 1.1. 

Theorem 1.3. The operator J? is invertible if and only if the imagi¬ 
nary axis iR is a subset of the resolvent set p(A ) of the generator A, 

i.e. 

(1.3) a (A) n (*) = 0, 

and the resolvent operator R( A, A) — (A — A/) -1 satisfies 

(1.4) M = sup ||i?(A,H)|| < oo. 

AeiR 

If X is not a Hilbert space, this equivalence does not hold in general 
(see [25] and [20, Counterexample IV.2.7]). Typical generalizations of 
the above result to Banach spaces [32, and references therein] would 
impose additional restrictions on the resolvent R( A, A) or the Banach 
space X. In this paper, we pursue a different kind of generalization, 
where we deal with an arbitrary (complex) Banach space X and impose 
no additional restrictions on the resolvent. Instead, we define a class 
iF as of functions in J r (M, X) which is a Banach function space where the 
differential operator 2z? is invertible provided that (1.3) and (1.4) hold. 
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The space T as of functions with the absolutely summable spectrum (see 
Definition 2.5) is defined using the spectral theory of Banach modules 


[7, 28], 


We refer to [1, 17, 20] for more information on the background and 
history of research related to this paper. 

The remainder of the paper is organized as follows. In Section 2 
we define homogeneous function spaces and introduce the space T as of 
functions with the absolutely summable spectrum. We do the latter by 
means of the spectral theory of Banach L 1 (M)-modules, basic notions 
of which are also discussed in Section 2. In Section 3 we study the basic 
properties of the differential operator and prove the first of our two 
main results: a sufficient condition for invertibility of Jzfj- in a homo¬ 
geneous Banach function space, which appears in Theorem 3.3. Our 
other main result, Theorem 4.1, appears in Section 4 and establishes 
sufficient conditions for invertibility of the operator 22? in any homoge¬ 
neous space of functions with the absolutely summable spectrum. We 
also provide an estimate for ||227,0 ||. I n the final section of the paper 
we illustrate our results with a counterexample to the Gearhart-Priiss 
Theorem and an application to a special kind of non-linear differential 
equations. 

2. Preliminaries 

In this section we introduce the notation, define homogeneous func¬ 
tion spaces, and survey the necessary tools from the spectral theory of 
Banach L 1 (M)-modules. We also introduce the space of functions with 
the absolutely summable spectrum. 

The symbol X will denote a complex Banach space and B(X) will 
be the Banach algebra of all bounded linear operators on A". By T : 
M + —> B(X) we shall denote a Go-semigroup of operators in B(X) and 
A : D(A ) CAAI will be its infinitesimal generator [20]. 

By L 1 (M, A") we shall denote the Banach space of all (equivalence 
classes) of Bochner integrable A-valued functions with the standard 
iP-norm: 



If X = C, we shall use the notation L 1 = L 1 (M) for the standard 
group algebra of Lebesgue integrable functions. For / G ld(M), we 


shall denote by / the Fourier transform of / given by 
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The space L 1 (M, B(X)) defined as above, however, may be too small 
for our purposes. Occasionally, we will use the space L*(K, B(X)) that 
consists of all functions F : R —» B(X) with the following properties: 

(1) For all x G X the function s K > F(s)x : R — > X is measurable; 

(2) There is / G L 1 (M) such that 

(2.1) \\F(s)\\ < f(s) a.e. 

For F G Ll(R,B(X)) we let 

11*11 = 11*111 = inf ||/||, 

where the infimum is taken over all functions / that satisfy (2.1). 

The space Lj(M, B(X)) is a Banach algebra with the multiplication 
given by 


(*i * F 2 ){t) = [ F 1 (s)F 2 (t - s)ds, Fi, F 2 e L](R, B{X)). 
Jr 


In particular, *F 2 || < ||F^||i_||F^|| 2 - 

We shall also use the space of locally integrable X-valued functions 
L z 1 oc (M, X), which consists of all measurable functions / : R — y X such 


that 


\\f(t)\\xdt < oo 


J K 

for any compact set K C M. 

For p G [l,oo), the Stepanov space S p = 
functions x G L) 0C (M, X) such that 


5 P (M, A") consists of all 


\x\ 


sp = sup 
te K 


|x(s + t)\\ p ds 


i/p 


< oo. 


2.1. Homogeneous Banach function spaces. 

In this paper we consider Banach function spaces X(M, A") that are 
homogeneous according to the following definition. 

Definition 2.1. A Banach function space T = J r (M, A) is homoge¬ 
neous if it has the following properties: 

(1) T is continuously embedded into <S l ; 

(2) For all iGl and x G F we have S(t)x G F, where 

(2.2) S(t)x(s) = x(t + s), 

and the translation operator S(t) is an isometry in B(F). 

(3) Given x G T and C G B(X), the function 

y(t) = c(x(t)) 

belongs to T and ||y|| < ||G||||x||. 
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(4) Given x G T and F G L*(M, B(X)), the convolution 

(. F*x)(t)— / F(s)x(t — s)ds 

Jr 


belongs to T and ||F*x|| < ||-F||i||x||. 

(5) If x G T is such that f * x = 0 for all / G L 1 (M) then x — 0. 


Example 2.1. The following Banach spaces are homogeneous or have 
an equivalent norm that makes them homogeneous: 

(1) The spaces L p = L P (M, X ), p G [1, oo], of functions x G L] oc (W, X ) 
such that 


\x\\lp = 


\ !/P 

x(s)|| p ds ) < oo, p G [1, oo), 


or Halloo = ess sup |x(i)| < oo; 
te r 

(2) Stepanov spaces S p = 5 P (M, X), p G [1, oo); 

(3) Wiener amalgam spaces L p,q = ZA 9 (M, X), p,q G [l,oo), of 
functions x G L* oc (R, X) such that 


\X | iP ,9 



|x(s + k)\\ p ds 



1/9 

< oo, p,q G [1, oo); 


(4) The space Cb = G&(M, X) of bounded continuous A"-valued 
functions with the norm 


IMloo = sup \\x(t)\\, x G C b ; 

tg R 

(5) The subspace C u b = G u b(M, X) C G& of uniformly continuous 
functions; 

(6) The subspace Go = Go(M, X) C C u b of continuous functions 
vanishing at infinity: x G G 0 if lim^oo ||:r(t)|| = 0; 

(7) The subspace G s / iOC = G s / i0O (R, X) C C ub of slowly varying at 
infinity functions: x G G s ; >00 if lim^i^oo ||x(r + i) — x(r)|| = 0 
for all t G M (see [11]); 

(8) The subspace C u = G W (M, X) C C ub of tn-periodic functions, 
u> G M; 

(9) The subspace AP = AP(R, X) C C u b of (Bohr) almost periodic 
functions [2, 33]; 

(10) The subspace APoo = AP oc (M, A) C C ub of almost periodic at 
infinity functions [9] defined by 


AP^ = span{e* A 'x : A G 1, x G G s j i00 }. 
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(11) The spaces C k = C k (R, X), k G N, of k times continuously 
differentiable functions with a bounded fc-th derivative and the 
norm 

IMI(fc) = IMloo + ||^|U < oo; 

(12) The Hblder spaces C k,a = C fc ’ Q (M, X), k E N U {0}, a E (0,1]: 

C k ’ a = | xec k : ||x (fc) 

llxll^fc.c = ||:r|| C fc + ||x^||c'0,a. 

Remark 2.1. We note that Definition 2.1 in this paper differs from 
Definition 2.1 in [9], which is more narrow. In particular, here we do 
not assume that the space T is solid and this allows us to consider the 
spaces of periodic and almost periodic functions. 

Definition 2.2. A homogeneous space T = X(M, X) is called spectrally 
homogeneous if for all A 6 R and x G T we have e lX 'x G T and 
||e* A 'x|| = ||x||. 

Among all of the homogeneous spaces in Example 2.1 the only class 
of spaces that are not spectrally homogeneous are the spaces of C u of 
(^-periodic functions. 

In a spectrally homogeneous space J- there is a well-defined isometric 
representation V G M —y B{J-) given by 

(2.3) V(X)x(t) = e lXt x(t), A, t G M, x G T. 

2.2. Banach ZT-modules and the Beurling spectrum. 

Properties (4) and (5) in Definition 2.1 ensure that a homogeneous 
Banach space is a non-degenerate Banach L x (K)-module [7, 28]. In 
this subsection we present the necessary definitions and results from 
the spectral theory of such Banach modules. The proofs omitted in 
the presentation and further details can be found in [7, 12, 14, 28]. 

Definition 2.3. A Banach space A is a Banach L 1 (M) -module if there 
is a bilinear map (f,x) ha fx : L 1 (M) x X —y X such that 

(1) (f*9)x = f(gx), f,g G L^K), x G A; 

(2) \\fx\\ <||/||||x||,/GL 1 (M),xG A. 

The module structure is non-degenerate if, in addition, 

(3) fx — 0 for all / G L 1 (M) implies x = 0 G A. 

We say that the structure of a Banach L 1 (M)-module A is associated 
with a representation U : R —> 5(A) if 

(2.4) 

U(t)(fx) = f,x = J(U(t)x), f £ L’( R), x £ X, f,(s ) = f(s + t). 


C 0 ’' 


= sup 


| x(t) — x(s)| 
|t — s|“ 


< OO 
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As we mentioned above, any homogeneous function space X = ^(M, X ) 
is a non-degenerate Banach L 1 (M)-module. Its structure is given by 

(2.5) (fx){t) = (f *x)(t)= [ f(t-s)x(s)ds= f f(s)x(t-s)ds, 

J M J M 

/ G ZAQR), x G J-, and is associated with the translation representation 
S defined by (2.2). 

Definition 2.4. The Beurling spectrum of an element x G X is the 
subset A(x) CR the complement of which is given by 

{AgK: there is / G L 1 (R) such that /(A) ^ 0 and fx = 0}. 

Remark 2.2. In homogeneous Banach spaces the Beurling spectrum 
A(x) coincides with the support of the (distributional) Fourier trans¬ 
form of x G J-. 

In the next lemma we present basic properties of the Beurling spec¬ 
trum that will be used throughout the paper. We refer to [7, 12, 36] 
and references therein for the proof. 

Lemma 2.1. Let X be a non-degenerate Banach L 1 (M) -module. Then 

(i): A[x) is closed for every x G X and A(x) = 0 if and only if 
x = 0; 

(ii) : A (Ax+By) C A(x)UA(i/) for all A, B G B(X) that commute 
with all operators x i —> fx, f G 

(iii) : A (fx) C (supp /) fl A(x) for all f G L 1 (M) and x G X; 

(iv) : fx — 0 if (supp /) D A(x) is countable and /(A) = 0 for all 
A G (supp /) fl A(x), / G L 1 (M) ? x G X; 

(v) : fx = x if A(x) is a compact set, the boundary of A(x) is 
countable, and f = 1 on A(x), f G L l (M), x G X. 

Given a closed set A C 1 we shall denote by X(A) the (closed) 
spectral submodule of all vectors x G X such that A(x) C A. The 
symbol Xc 0 m P will stand for the set of all vectors x such that A(x) is 
compact. If the module structure is associated with a representation 
U, by X v we shall denote the submodule of [/-continuous vectors, i.e., 
the set of all vectors x G X such that the function 1 1 —> U(t)x : M —> X 
is continuous. 

Remark 2.3. Observe that any spectral submodule J r (A) of a homoge¬ 
neous function space J r (M, X) is itself a homogeneous function space. 

It may happen that J~(A) = {0} even if A ^ 0. For example, if 
T = L P (M, X), 1 < p < oo, and A is finite then .F(A) = {0}. If A 
is compact then ^(A) C C u b and each x G .F(A) extends to an entire 
function of exponential type uj = max{|A|, A G A} [11], 
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The following lemma opens up the possibility of applying our main 
results to non-linear equations. 

Lemma 2.2. Let X be a non-degenerate Banach L 1 (M.)-module. As¬ 
sume that the module structure is associated with a representation U 
as in (2.4). Let F : X n —> X, X n = X_ ■ ■ ■ x X , be an n-linear map 

n times 

such that for any t G M. we have 

U(t)(F(x i,... ,x n )) = F(U(t)x i,... ,U(t)x n ). 

Then 

A(F(xi,..., x n )) C A(xi) + ... + A(x n ). 

Proof. In case X is a Banach algebra and F(x 1 ,^ 2 ) = X 1 X 2 , this result 
appears in [12, 14], In the general case the proof may be repeated 
nearly verbatim with obvious modifications. □ 

2.3. Vectors with the absolutely summable spectrum. 

In this subsection we define the class X as of vectors in a Banach 
L 1 (M)-module X that have absolutely summable spectrum. In the 
scalar case this class was introduced in [6]. In this exposition we fol¬ 
low [14] where the general definition appears. We use the family of 
functions ((p a ), a G M, defined via the Fourier transform by 

(2.6) 4> a (X) = (p(\ - a), a e M, 
where 

(2.7) 4>(\) = 0 O (A) = (1 — | A|)x[_ 1;1] (A), 

and xe is, as usually, the characteristic function of the set E. 

Definition 2.5. The class X as of vectors in a Banach L 1 (M)-module 
X that have absolutely summable spectrum is 

(2.8) X as = |x G V : ||x||a S = j ||0a^||da < 00 j , 

where the functions <f> a are defined by (2.6) and (2.7). 

In [14], one can find plenty of examples of the spaces with absolutely 
summable spectrum. Classical Wiener amalgam spaces [21, 23] are 
among the well-studied spaces that arise in such a way. 

Remark 2.4. In the above definition, instead of the family of functions 
((p a ) one can use just about any bounded uniform partition of unity 
[21, 22]. One would obtain the same space as a result [14], This is 
analogous to using different window functions in the short time Fourier 
transform [26]. 
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In [14] we have shown that X as is a Banach space with the norm 
|| • ||os- For our purposes, however, it is often more convenient to use 
an equivalent norm given by 

(2.9) NU = 5^||0 n x||. 

nEZ 

In [14] we obtained the inequalities 

(2.10) ||*I'||d5 — ||^||as ^ 20||x||a5, *£ ^ X as . 

In [14] we have also shown that if X is a Banach algebra and the module 
structure is associated with a group of algebra automorphisms, then 
X as is also a Banach algebra and, due to the choice of the constant in 
(2.9), 

(2.11) \\xy\\as — ||*I' || as || V || asj %iV ^ X as . 

Moreover, the key result of [14] states that the algebra X as is inverse 
closed, i.e. if x G X as is invertible in X , then x _1 G X as . The following 
analog of (2.11) can be proved in exactly the same way. 

Proposition 2.3. Let X be a non-degenerate Banach L 1 (M) -module. 
Assume that the module structure is associated with a representation 
U as in (2.4). Let F : X n —>■ X, be an n-linear map such that for any 
t G R we have 

U(t)(F(x i,... ,x n )) = F(U(t)x i,... ,U(t)x n ). 

Then 

n 

(2.12) ||-F(xi,... ,x n )|| M < ||P|| • JJ H^fclU- 

k =1 

It has been observed by many people, see, e.g., [27] and [14, Remark 
3.5], that smoothness of the function x is closely related to the spectral 
decay of x. In particular, we have C 1,a C X as , a > 0. Below we prove 
a slightly weaker sufficient condition that uses the following modulus 
of continuity. 

Definition 2.6. Let X be a non-degenerate Banach L 1 (M)-module 
with the structure associated with an isometric representation U : M —» 
B(X). For x G X, its modulus of continuity u> x is defined by 

u x (t) = sup \\U(s)x — x||, t > 0. 

M<t 

Remark 2.5. The basic properties of the modulus of continuity can be 
found, for example in [16, 29]. Here we mention the obvious facts that 

limcnMf) = 0, x G X U: 
t—>o 
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and uj x is subadditive, that is 

COx(t T s) ClLjJf) “I - CtLjJs), x G A. 

As an immediate consequence of subbaditivity we get 

(2.13) t o x (ks) < kuj x (s) and ^ < uj x (—), x G X, k G N, s > 0. 

k k 

Using the monotonicity of u x we also get 

(2.14) uj x (\s) < (A + l)o; x (s), A, s > 0, x G X. 

Lemma 2.4. For x G X we have 

(2.15) \\4>kx\\ < Const ■ k G Z\{0}. 

\k\ 


Proof. Observe that for k 0 

fkX = [ (f){t)e lkt U{—t)xdt — — [ 4 >(t + — )e lkt U {—t — — )xdr, 

Jr Jr k k 

where we made the change of variables t = r + n/k. Averaging the 
above two expressions we get 

(,hx=\ [ e ikt ((j)(t)U(-t) - cj)(t + j)U(-t - j))xdt 
2 Jr k k 

= \ [ e lkt (<j)(t) - fit + j))U(-t)xdt 
z Jr k 

+ \( e*V(« + l)(U(-t) - U(-t - l))xdt. 

2 J R k k 

Hence, 

\\M\ < ^\\ s (^.)<l> - ^llill^ll + 

Direct computation (as well as [12, Theorem 3.7]) implies that 
l|S(^)0-</>||i < Const ~. 

Finally, using (2.13) and (2.14) we get (2.15). □ 


Theorem 2.5. Assume that X is a non-degenerate Banach L 1 (M)- 
module with the structure associated with a representation U : M —>■ 
B(X). Let B be the infinitesimal generator of U and assume that x G 
D{B). Assume also that y = Bx satisfies 


( 2 . 16 ) 


fee N 


Then x G X as . 


k 


< oo. 




PARABOLIC OPERATORS IN HOMOGENEOUS FUNCTION SPACES 11 


Proof. For k G N\{1}, let fk G L 1 (M) be such that 


h( a ) 


1 


i\ ’ 


i(2k—2—X) ’ 


A > /c — 1; 
A < k — 1. 


Similarly, for —k G N\{1}, let fk G ZA(R) be such that 


A(a) 


iA’ 


i(2fc+2—A) : 


A < k + 1; 
A > k + 1. 


Observe that for k G Z\{— 1,0,1} we have ||/fc||i = and the func¬ 
tion (fk = fk * 4>k G satisfies 


A(A) = MA,AeK\{°}. 

ffence, for x G -D(H) integration by parts yields (pk x = <Pk(Bx), k G 
Z\{—1,0,1}. Finally, using (2.15) for y = Bx, we get 

ll<MI < ||/fc||i||||0fcj/|| < ]^|)■ 

and the result follows. □ 


Observe that condition (2.16) is satisfied automatically if x G D(B 1+a ), 
a > 0. We also have the following corollary. 

Corollary 2.6. Let X = C&(R, X). Then for any a > 0 we have 
C 1 ’ 01 C X as . 

Proof. In this case B = d/dt. Since, x G C 1,a implies 

oj x /(t) < ||x|| c i,a -t a , t > 0, 

the series (2.16) converges. □ 

Remark 2.6. If x G T = C' 0 (R, X ) and x — y for some y G L 1 (R), then 
x G T as and ||x|| as < 5||y||i. 

We conclude the section with the following useful result. 

Lemma 2.7. If T is a (spectrally) homogeneous space then T as is also 
a (spectrally) homogeneous space. 

Proof. Since convolution operators commute with translation, the veri¬ 
fication of the properties of a (spectrally) homogeneous space is straight¬ 
forward and is left to the reader. □ 
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3. Basic properties of the operator Jzf 

In this section we collect and enhance some of the known spectral 
properties of abstract parabolic operators. 

Recall that by A : D(A) C X —y X we denote the infinitesimal 
generator of a Co-Semigroup T. In a homogeneous space X) we 
define the differential operator Jzf = Jzf^ = —d/dt+A in (1.1) as follows 
[5, 9, 33], 

Definition 3.1. A function x G T belongs to the domain D(Jzf) of the 
operator Jzf if there is a function y G T such that for all s < t in R we 
have 

(3.1) x(t) = T(t — s)x(s) — J T{t — r)y(r)dT. 

For x G Zl(Jzf) we let JzCc = y, if x and y satisfy (3.1). 

We remark that the operator Jzf is well defined as it is not hard to 
see that for x G -D(Jzf) there is a unique y such that (3.1) is satisfied. 
We also remark that J 7 C S 1 implies -D(Jzf) C C u b. 

The operator Jzf is invertible if it is injective, i.e. ker Jzf = {0}, and 
surjective, i.e. its range ImJzf = JzfD(Jzf) satisfies Im Jzf = J 7 . 

We begin studying the spectral properties of the operator Jzf^ with 
the following key property of its kernel. It was originally proved in [3] 
for J 7 = Cb- 

Lemma 3.1. Assume x G ker Jzf^-. Then 

(3.2) iA(x) C a(A) D (fM). 

Proof. Let x G ker Jzfj-. Then from (3.1) we get x{t) = T[t — s)x(s), 
s <t. Then in view of this equality, for any / G L 1 (M), we have 

T(t — s)(f * x)(s) — [ f(s-T)T(t-s)x(r)dT 


= [ f(s 

Jr 


r)x(t — s + r)dr = (f * x)(t). 


Hence, (3.1) implies / * x G ker JzfA 

Let i\o a(A ) and / G L 1 (M) be such that /(Ao) ^ 0, supp / is 
compact, and i supp / C p(A) Then, according to the above, y = f * x 
satisfies y(s + t) = T(t)y(s) for all sgR and t > 0. Observe that since 
/ G C°°, i.e. / is differentiable infinitely many times, we have y G C°°. 
Moreover, 

y\s + t) = T(t)Ay(s) = AT(t)y(s), sGl,i> 0, 
and, therefore, plugging in t — 0, we get y' — Ay = 0. 
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Let 0 G L 1 (M) be such that 0 = 1 in a neighborhood of supp/, 
supp0 is compact, and isupp0 C p(A). Consider F G //(M, B(F)) 
defined by 

1 ' zj(X)R(iX,A)e iXt dX,t G M; 


F(t) = 


2vr 


the above integral makes sense because isupp0 C p(A). Observe that 
(3.3) 


1 0(A)P(iA,A), iXep(A); 

[ ’ l o, z\<£ P (Ay, 

is compactly supported and infinitely differentiable. Then, since the 
operator A is closed, 

0 = F * (Ay - y') = A(F * y) — F' * y— = F 0 * y, 
where Fq = AF — F' has Fourier transform 

Fq(X) = 0(A)AR(iA, A) - iXzp(X)R(iX, A) = 0(A)/. 

Hence, f*x = y = F o *y = 0 and, therefore, Aq ^ A(x). □ 


Corollary 3.2. If the generator A satisfies (1.3) then the operator 
is injective. 


Proof. Assume that Jzfjrrc = 0. Immediately from Lemma 3.1 we get 
A(x) = 0. Hence, x = 0 and, the operator is injective. □ 


Next we proceed to use the above result to obtain invertibility con¬ 
ditions for in the case when the semigroup T is hyperbolic , i.e. it 
satisfies 


(3.4) cr(T(l)) 0 T = 0. 

For such semigroups we have 

(T (F (1)) cri n U <J ou t , 

where cu n is the spectral component inside the unit disc and a out = 
cr(T(l))\cTj n . We let Pi n and P out be the corresponding spectral projec¬ 
tions 

Pin = ^~ [ (T{ 1) - A/) _1 dA, P out = I - Pin, 

Zm Jj 

and represent the space lasa direct sum 

A Xin © A out, A ; n l\ n \ , A ou j Pout X. 

From the definition of the spectral projections it follows that P in and 
P out commute with the operators T(t), t > 0. Therefore, X vn and X out 
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are invariant subspaces for these operators and we can consider the 
(restriction) semigroup T in and the group T out defined by 

T in '■ ®h_ —>■ B(X in ), T in (t) = T(t)\x in 'i 


T out : R -A B(X out ), T out (t) = j } -i. \ ^ q 

The following theorem is one of the main results of this paper. As we 
mentioned in the introduction, its special cases appear in [5, 9, 15, 17]. 

Theorem 3.3. If T is a hyperbolic semigroup, the operator from 
Definition 3.1 is invertible. The inverse JXfp 1 G B{T ) is defined by 

(3.5) (J V^yft) = (G * y)(t) = f G(t - r)y(r)dT, teR, y G I, 

J R 


where the Green function G G L](R, B(IF)) is given by 


(3.6) 


G(t) 


—T(t)P in , t > 0; 
T ou t(t)P out ; t < 0. 


Proof. It is immediate from Definition 2.1(4) that the right hand side 
of (3.5) defines a bound operator in B(P). We need to check that this 
operator is, indeed, the inverse of T£j. 

Since the semigroup T is hyperbolic, the spectral inclusion theorem 
[20, Theorem IV.3.6] implies that the operator A satisfies (1.3). There¬ 
fore, the operator is injective by Corollary 3.2. 

It remains to show that given y G T and x = G*y we have = y. 
We get 


x{t) - T(t - s)x(s) = (G * y)(t) - T(t - s)(G * y)(s) 

poo pt 

= / T out (t - T)P out y(T)dr - T(t - r)P in y(T)dT 


T(t - s)T out (s - T)P out y(r)dT + / T(t - T)P out y(r)dT 


= - T(t - T)P out y{r)dT - / T(t - r)P in y(T)dT 


T[t - T)y(r)dT , 


and the result follows from (3.1). □ 

Corollary 3.4. If T is a hyperbolic semigroup, then the generator A 
satisfies (1.3) and (1.4). 
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Proof. As we mentioned above (1.3) follows from the spectral mapping 
theorem. The inequality (1.4) follows since the Fourier transform G of 
the Green function G satisfies G( A) = R(iX, A), see [15] for details. □ 


Corollary 3.5. The operator in Definition 3.1 is closed. 


Proof. Let u 6 1 be such that the semigroup T w , T u (t) = T(t)e ~ wt , 
satisfies ||T aJ (t)|| —> 0 as t —» oo. The value cuo = min a;, where the 
minimum is taken over all oj with the above property is usually called 
the growth bound of the semigroup T [20, Definition 1.5.6]. Theorem 
3.3 applied to T u implies that the operator Afj- — ul is invertible and 
(Afjr — c oI)~ l y = G u * y, where 


G u {t) 


—T u (t), t > 0; 
0; t< 0. 


Hence, p(Afjr) 0 and the operator Jzfj- is closed. 


□ 


In what follows we shall denote by S : L 1 (M) — y B^J 7 ) the algebra 
homomorphism given by 

S(f)x = f*x, f G L 1 (M),x G T . 

The next result asserts that in any homogenous space J- the operator 
commutes with the operators S(f), f G L 1 (M). 


Lemma 3.6. For all f G L 1 (M) and x G D(JFjr) we have 

&TS(f)x = S(f)^x. 


Proof. Assume A > uj 0 where u> 0 is the growth bound of the semigroup 
T. From (3.5) we deduce that R(X, Jfj^)S(f) = S(f)R(X,JFjr). Let 
x G D(JFjr) and y = (Afjr — A I)x. Then 

S(f)x = S(f)R(X,^)(^-XI)x = R(X,^)S(f)y 

implies S(f)x G -D(Afjr) and 

- A I)S(f)x = S(f)y , 

from where the result immediately follows. □ 


Corollary 3.7. Assume Ac M. is closed. Then the spectral submodule 
J-'(A) is an invariant subspace of the operator Jzf-r and the restriction 
of Afj- to J’(A) coincides with the operator given by Definition 

3.1. 


Proof. Assume x G J-’(A) and y = F£jx. Let / G L 1 (R) be such that 
supp/flA = 0. Then 0 = f*x = FFjr(f*x) = f*(JFjry) and, therefore, 
y e R(A). ' □ 
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Next, we use the above commutativity relation to extend the result 
of Lemma 3.1 to the non-homogeneous case. 


Lemma 3.8. Assume x G and y = S£jx. Then 

A(x) C A (y) U {A G R : iX G a (A)}. 

Proof. Assume X A 0 = A(?/)U{A G M. : iX G cr(A)} and let / G L 1 (M) 
be such that /(A) ^ 0, supp/ is compact, and supp / D A 0 = 0. 
From Definition 3.1, Lemma 3.6, and Lemma 2.1(iv) we deduce that 
/ * x G D(Afp) and * x) = f * y = 0. Hence, Lemma 3.1 implies 
iA(f * x) C <j(A) fl (7R). On the other hand, A(/ * x) C supp / D A(x) 
from Lemma 2.1 (iii). Hence, A (f*x) — 0, f *x — 0, and A ^ A(x). □ 

The following corollary is immediate in view of Lemma 2.1 (i). 


Corollary 3.9. Assume A cl is closed and 
(3.7) f A fl a (A) = 0. 

Then ker A?f(a) = {0}. 

Theorem 3.10. Assume A C R is compact and the generator A sat¬ 
isfies (3.7). Then the operator ^fp(A) is invertible. 


Proof. In view of Corollary 3.9 we only need to prove that the operator 
A?f(a) is onto. Let y G 7 r (A), i.e. A (y) C A. Let also / G L 1 (M) be 
such that / = 1 in a neighborhood of A, i supp / C p(A) is compact, 
and / G C°°, i.e. / is differentiable infinitely many times. Consider 
the function F G L 1 (M, B(F)) defined by 


m = 


i 

27T 


f(\)R(i\, A)e iXt d\ 1 1 G M; 


the above integral makes sense because isupp/ C p(A). Observe that 


(3.8) 


H A) 


f(X)R(iX,A), iXep(A ); 

0, iX (f p(A ); 


is compactly supported and infinitely differentiable, and F *y G F( A) 
by Lemma 2.1 (iii). Moreover, since the operators Af and A are closed, 
we can write 

~jX F * y ){ t ) = ^Z [ [ iXF(X)e lXi - t - s) y(s)d\ds 

J M. v M 

and 

A(F*y)(t) = ±- [ I /(A)(J + i\R(iX,A))e iX ^y(s)d\ds. 

Jr Jr 
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Hence, F*y G D(Jf) and JF(F*y) = f*y = y, where the last equality 
follows from Lemma 2.1(iv). □ 

We conclude this paragraph with a result on the spectrum of the 
operator T£ F in a spectrally homogeneous space. For several specific 
homogeneous spaces this result was proved in [5]. 

Theorem 3.11. Assume F is a spectrally homogeneous space. Then 

a(Jf F ) = a (Ffjr) + iR. 

Proof. Directly from Definition 3.1 and (2.3) we have 
V(X)FfjrV(—\) + iXI, A G R, 
and the result follows. □ 

4. INVERTIBILITY OF THE OPERATOR «£? IN Fas 

The other main result of this paper is the following theorem. 

Theorem 4.1. Let F = J-^R, X) be a homogeneous function space 
and F as C F be the space of functions with the absolutely summable 
spectrum. Assume that an operator SF = T£ Fas : D(JF) C F as —* F as 
from Definition 3.1 is such that the generator A of the semigroup T 
satisfies (1.3) and (1.4). Then the operator is invertible, G 
B(F as ), and 

(4.1) < —M(4 + 4M + 2M 2 ) 1/2 , M = sup ||1?(A, H)||. 

7T AS* 

The proof of the above result is based on several lemmas. 

Lemma 4.2. Assume that <f> G C 2 (R, B(X)) and 0 G L 1 (M) is defined 
by (2.7), i.e. 

0(A) = 0o(A) = (1 — |A|)x [ _i jl ](A), AgR. 

Let 4>o = ( < L0) V , i.e. $o is the inverse Fourier transform of the function 
$0. Then <L 0 G L 1 (R, B(X)) and 

(4.2) ||$ 0 ||i < 1||4>||U (4||4>|U + 4||4>'|U + ||4>"|L) 1/2 . 

7r 

Proof. Observe that the definition of <f> 0 implies that $o G C&(R, B(X)) 
and 

(4.3) ||$o(t)|| < tt-H^IIoo. t G R. 

Z7T 

We also have 

$o(t) = ^~ f 4>(A)0(A)e^dA = 1- C <f>(A)(l - |A|)e iAt dA 

2t J r 2tt J_i 
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2vr 


= —( / $(A)(1 + X)e lM d\ + / <f>(A)(l- X)e iXt dX ) . 


>-1 


Applying integration by parts in the above integrals, we get 

Mt) = ^[$(0) - /V( A ) + $ '( A )(! + X))e iXt d\- 


/■l 


2-Kit . 


4(0) 

r 1 


-$(A) + <h'(A)(l — \))e lXt d\ 


r 0 


&(X)e lM dX — I $>(X)e iXt dX 


-1 

zAt,. 


$'(A)(1- |A|)e iA ^A 


'-i 


Applying integration by parts once again, we get 

1 r f 1 

<f>o(t) = —— 2$(0) - $(l)e Jt - $(-l)e" lt + 2 / &(X)e* xt dX 
27T t z L In 


&(X)e iXt dX- / <h"(A)(l — \X\)e iXt dX 


>-i 


'-i 


Hence, for t 0, we have 


(4.4) 


l®oWII < [4 I|1>IU + 4| |4'IU + H4"W • 


Using (4.3) and (4.4) we get <f>o £ L 1 (M, B{X)) since for any a > 0 


<Mli — 


'\t\<a 


|$o(^)||^ 


'\t\>a 


|$o(*)IM* 


7T 


< — ( a||$||oo + (4||$||oo + 4||$'|| 00 + || < h ,/ || 0O ) 


dt 

p 


= - fa||<h|U + - (4||$|| 00 + 4||<h'|| 00 + WIU) 
n \ a J 


Plugging in a = ^ 4 ll^llo°+ 4 ||||IU>+IU"lloo j 1/2 we get ( 42 ). D 

Corollary 4.3. Assume that $ G C 2 (M, B(X)) and <f) n G L 1 (M) is 
defined by (2.6) and (2.7). Let <f> n = ($0 n ) v . Then G L 1 (R, B(X)) 
and 

( 4 . 5 ) ||<Mi < -||$||^ 2 ( 4||$|| 00 + 4 || 4 > / || 0O + ||$"||oo ) 1/2 • 

7r 

Proof. The result follows by applying the lemma to the function S(— n)<f>, 
where S' is the translation representation (2.2). □ 
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Corollary 4.4. Assume that the generator A of a semigroup T satisfies 
(1.3) and (1.4). Let R n = (R(i-, A)fi n ) v . Then R n G L 1 (R, B(X)) and 

c\ 

(4.6) ll^nlli < -M(4 + 4M + 2M 2 ) 1/2 . 

7T ' 

Proof. The result follows from (4.5) since fkR(iX,A ) = iR 2 (iX,A ) and 
■£zR(i\,A) = 2R 3 (iX,A). □ 

We are now ready to complete the proof of Theorem 4.1. 


Proof of Theorem f.l. Since T as is itself a homogeneous space, Corol¬ 
lary 3.2 applies and the operator 2zf = T£y as is injective. 

To prove surjectivity, consider y G T as . Let y n = fi n * y so that 
A(y n ) C [n — l,n + 1] = A(n). Let be defined as in Corollary 4.4. 
Then from the proof of Theorem 3.10 and Lemma 2.1(v) we see that 
x n = R n *y = R„*(y n -i+yn+yn+i) e T(A(n)) satisfies Afx n = y n . Let 
x = Yhn&z x ni where the series converges absolutely since y G T a s and 
R n , n G Z, satisfy (4.6). Since the operator 2*? is closed, we conclude 
that = y. 

It remains to estimate ||:r|| as . Observe that 

fin * X fi n ( X n —\ T X n T X n +\). 

Hence, (4.6) implies 


2 n+l 

II fin * ^|| < — M (4 + AM + 2 M 2 ) ^ V (Hz/llfe— i + ||i/||fe + |||/||fc+i), 

7T z ' 

k=n —1 

and the postulated estimate for ||2zf|| _1 follows. □ 


Remark 4.1. Observe that if XF = C,^, and 2 z?_f satisfies the conditions 
of Theorem 4.1, then D T£jT as D C 1,a , a > 0. Moreover, for 

any function y G C 1,a the equation ££j?x = y has a unique solution 

X G J~ 2S • 


5. Examples 

We begin this section with an example of an operator A and a ho¬ 
mogeneous space ^(R, X) such that A satisfies (1.3) and (1.4) but the 
operator is not invertible. This examples appears in [20, 

Counterexample IV.2.7], we provide it in order to point out a feature 
that seems to be common for all such examples. 

We let 

X = C 0 (R + )nLi(R + ), v{s) = ef 
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where L l u is the Beurling algebra of all measurable functions that are 
summable with the weight v. The norm in L^(M + ) is given by 

x(s)\e s ds 

so that ||x||x = IMloo + ll^lly We let A — ^ be the generator of 
the semigroup T : R + —> X given by T(t)x(s ) = x(s + t), x G X, 
s,t G M + . Observe that ||T(t)|| = 1, t > 0, the growth bound of T is 
equal to 0, and the spectral bound s(H) = sup{5ieA, A G <t(H)} satisfies 
s(H) < — 1. Since 

/»oo 

R(i\,A)x(s)= / e~ xt x{s + t)dt, 

Jo 

the operator A indeed satisfies (1.3) and (1.4). However, if we let T 
be, for example, C 0 (M,X), Theorem 1.1 would imply that Jrfjr is not 
invertible since the spectral radius of the operator T(l) is equal to 1. 
Observe that in this case a(T(l)) = T. To the best of our knowledge, 
the semigroups in all of the known examples of this kind have this 
property. 

We conclude the paper with an application of our results to the 
following non-linear equation in T = C^- 

(5.1) x'(t) = (Ac)(t) + y(t) + F(x(t)), y G Fas, 
where F is the polynomial 

F(z) = Fi(z) + F 2 (z, z) + ... + F n (z, z,...,z), z <E X, 

and each F^, k — 1,..., n, is a fc-linear map. 

We assume that the operator A satisfies (1.3) and (1.4). Then x G 
Fas is a mild solution of the equation (5.1) if it satisfies 

x = z + 

where z = J'fjO y and the non-linear map : F as —> F as is given by 
$ = o F. Observe that the map $ is Lipschitz in any ball 0) 
of radius /3 centered at 0 G F as , that is 

||<h(a;) - $(y)|U < L FA (/3)\\x - y\\ as , x,y G B p { 0). 

Moreover, because of (4.1), the Lipschitz constant satisfies 

18 n 

(5.2) L f , a (P) < —M(A + AM + 2M 2 ) l,2 Y j k\\F k \\p k -\ 

7T zJ 

k=1 

Theorem 5.1. Assume that /3 > 0, y G F as , and F are such that 
Lf,a(/3) < 1 and ||$(^)||j- as < /3( 1 — La,f{/3 )). Then the non-linear 
equation (5.1) has a unique mild solution x G F as and ||x — ^|| as < fd. 
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Proof. The solution is obtained by the method of simple iterations as 
in [19, Theorem 10.1.2]. □ 

Remark 5.1. Results of this paper can be extended in a straightforward 
way to the case of differential inclusions 
dx 

— e stx + y, x,y e T as (R,X), 
where srf is a linear relation on X [18, 8, 10, 13]. 
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